/

Qualitative Properties of Solutions,
Phase Space Analysis,
Semilinear Models

® Birkhiuser



Marcelo R. Ebert » Michael Reissig

Methods for Partial
Ditferential Equations

Qualitative Properties of Solutions,
Phase Space Analysis, Semilinear Models

X Birkhauser




Michael Reissig

'L Bergakademie Freiberg
Institute of Applied Analysis
Freiberg, Germany

Marcelo R Ebert

3 )
ulo
University ol Sao Pa
wting and Mathematics

Department of Comy
: aulo, Brazil

|
Ribeirdo Preto, Sao |

ISBN 978-3-319-00455-2 ISBN 978-3-319-66456-9 (eBook)
https:/doi.org/10.1007/978-3-319-66456-9

Library of Congress Control Number: 2017963017

Mathematics Subject Classification (2010): 35-01, 35-02, 35A01, 35A02, 35A 10, 35830, 35833, 35840,
35B44, 35E20, 35F20, 35E35, 35J05, 35J10, 35199, 35K05, 35K99, 35L.05, 35L45, 35L71, 35L99

© Spnnger International Publishing AG 2018

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specitically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed.

Ihe use of general descriptive names, registered names, trademarks, service marks, ete. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this book
are believed 10 be true and accurate at the date of publication. Neither the publisher nor the authors o
the cdmrm glm; unw:;rr;mly. clxpn.-a‘s of hup::’ul. With respect 10 the material contained herein or for any
errors or omissions that may have been made. The \he ' e ' unisdictional
claims in published maps and institutional nllilh'l‘ltk:::;hlm” romalak et wilb g

Printed on acid-free paper 0 0 0 7 8 0 1 1

This book 15 published under the trade name Birkhitusor, www.birkhauser-sc
The registered company is Springer Intemational Publishing AG DIRGNEEI0%00M
The registered company address is: Gewerbestrasso 11, 633() Ghiot Silaidant




Contents

Part ]

1 Introduction

2 Partial Differential Equations in Models
2.1 A General Conservatuon Law ..
2.2 Transport or Convection ... :
2.3 OIIAIRION: oy ensiiinssaipairranale it SO
24 SURODRTY DIOBRIR ¢ sh v eiintrbbinnabnkat i .
2.5 WoVDS 10 ACOUSHOR 1o xensndsriletonva e s ss :
26 QUANTIM M EChADICS +s s st s e shassandssnbeasennns
2.7 Gas- and Hydrodynamics..........................
28 Conoluding ROMATKE. «sssussassssesnnsnratsrssantababns

‘o

Basics for Partial Differential Equations ...

31 Classificauon of Linear Partial Differential Equauons
of Kovalovakian TVYDO vusssssssnssvenssstinsbonaaetls g suilitinn:
32 Classification of Linear Partial Differenual Equations
O So00ON OrOBL s vssinacssrass tnasiarssannonaes b e
33 Classificatuon of Linear Systems of Parual Differenual
BOUAIODE <545 sx55n5 550 ssanis diaassisnis it snatadie aadee
34 Classificauon of Domains and Statement of Problems .
341 SIALIONATY PYODBESEE 1o s sisanissses sassannainabnsk
342 Nonstationary Processes ..........................
35 Classification of Solutions ..................... ..
The Cauchy-Kovalevskaja Theorem .
4.1 Clannion) Varslon ... o crstsite stk i e s it e s
42 ADSIract VOreIon .. iiiisiisiisiistosssattnaiions

-

o @@ 3~

I
13
4
14

17

19

21
26
27
28

32

7
L4



Contents

Al
\ y ROMAEKS. oo oa0eaqenssss e 43
13 (l\;n;Iudm(;;mu‘lllm““n\ of the .(’Ius\lcul
Cauchy-Kovalevskaja THeorem . «seees vess iR O
4.3.2 Generalizations ol the Abstract
Cauchy- Kovalevskaja THEOTEM «sosssensonrronvsasonsars 44
433 Applications of the Abstract
Cauchy-Kovalevskaja ThEOIeM «cessassssrsssevacosronne 45
5 Holmgren’s Uniqueness TREOTEI ...eoevsssssnasnnersnasssassanssnssane, 49
5.1 Classical VETSiON .«xssssssseransesssasecsstaiaa i 49
52 AbSIraCt VErSION +ovssasssssssssnasssessensssuietit N 52
5.3 Concluding REMArks. ...s«sssasvssesssssddnsasiusut et Eai N EN, 53
532l Classical Holmgren THEOrem ...covveesrssseanssnnasess, 53
532  Abstract Holmgren TheOreMY s v < s saiswdoraseda s 54
6 Method of Characteristics ...... . oovsssssanssssesanassndatsisesaaunmtat: 57
6.1 Quasilinear Partial Differential Equations of First Order ......... 57
6.2 The Notion of Characteristics: Relation to Systems
of Ordinary Differential EQUAtONS.....covunsnenesanssmnnsennaes 58
6.3 Influence of the Initial CONAION. . ...vueuanescecainrennaaenaeaass 59
6.4 Application of the Inverse Function Theorem ........ccceeeeeeranns 61
6.5 SUMMALY ..vvvvessssensrassssssnsassansssinssnsnsssansesssadsssnasts 64
6.6 EXAMPIES .. ecvvnssrernsnssnsssnnsssasssonssssassaasisaaanssnsst 65
6.6.1 Continuity EQUAtION ......uvuivmniniiieriinianinnaanen 65
6.62  An Example of a Characteristic Cauchy Problem...... 65
6.7 Concluding Remarks.......ocovuvuiuieiaaiiiiniiiiiiiiasiiansannn, 66
7  Burgers’ EQuation .............ccoiiiiiii e 69
7.1 Classical Burgers’ EQUAtiON .....c.cueiiinsassasieensanniannas SR 69
7.2 Other Models Related to Burgers’ Equation........o.ccoviieeanes R &
7.3 Concluding Remarks. ... .. .scseusssanssassasansbas SwauuaERTtes 74
Part I1
8 Laplace Equation—Properties of Solutions—Starting Point
Of ELlIptic Theory ...veciiierrinsissnensntsonsanenanmms e, SRESIY
8.1 Poisson Integral FOrmula ......iiiiaisieaasssssansananns R e

8.1.1  How Does Potential Theory Come into Play? .........o 79
8.1.2  Green's Function and Poisson Integral Formula ....... 82

8.2 Properties of Harmonic Functions .....oo.vveves 87
8.2.1  Mean Value Proparty vyuisyexssssstsssta ettt e T
8.22  Maximum-Minimum PrinCiple......uuveeissnsensassasns 87

8.23  Regularity of Harmonic FUnCtonS .. ...eversssssensenss 88
8.2.4 | Weyl's Lemma and Interior Regularity ....vvveieseeeess 89
8.3 Other Properties of Elliptic Operators or Elliptic Equations...... 91

*‘--‘-l Hypoellipticity .......... R o
8.3.2 Local Solvability .......vvvininnes. 92
U




Contents xiii
8.4 Boundary Value Problems of Potential Theory.................... 93
8.4.1 Basic Boundary Value Problems of Potential
D Oy e e e e R 93
8.4.2 How to Use Potentials in Representations
OF: SolNtONS VA8 o i st M G ot L S o ol 96
843 Integral Equations of Potential Theory ................. 99
9  Heat Equation—Properties of Solutions—Starting Point
of Parabolic Theoryi: sttt s teomtnt Ll ceiiee 18 8 103
9.1 Potential Theory and Representation Formula .................... 103
9.2 Maximum-Minimum Principle .............ooveereeeenieinenininss 105
9.3 Qualitative Properties of Solutions of the Cauchy Problem
for thejHeat{BquatiOniss sy st SR S mene 5 107
9.3.1 Non-reversibility in Time......c..coeeeeeuineanreeenenns 108
932 Infinite Speed of Propagation ........................... 108
9.3.3 SMOOthing Bffectiars: o ool rrntm i, L i S e voan s 109
934 Uniqueness of Classical Solutions to the Cauchy
Problemse: safuiS Pl it A e - A 110
94 Mixed Problems for the Heat Equation ............................ 111
9.4.1 Basic Mixed Problems .. ius s o mre e st e o 111
942 How to Use Thermal Potentials
in Representations of Solutions? ........................ 113
943 Integral Equations of Mixed Problems
foritheHeat Equation s s s S St 114
10 Wave Equation—Properties of Solutions—Starting
Point of Hyperbolic Theory - .. . e e s e 119
10.1  d’Alembert’s Representationin R! ................ccceevinvnnnnn. 119
LOZINISNR o] arityIORS OlULIONS i SsSSR ST OB 120
10.1.2  Finite Speed of Propagation of Perturbations .......... 121
10153 N Domain Of D) e PN e Ce e e e e 121
HOWLE IE S ST S sonanasaocreonosmaacsaancommnannatos 121
10.2  Wave Models with Sources or Sinks .........cccoocvviiiiiinnnn... 122
10.3  Kirchhoff’s Representation in R® .....................cooeuiinnn. 122
10.3.1 How Can the Reader Guess Kirchhoff’s Formula?..... 123
10.3.2  Verification of Kirchhoff’s Formula .................... 125
104  Kirchhoff’s Representation in R? ..............cccvvvivnininninnns 127
104 R VT e th O3 O ) €S C e T B e e e o e 128
10.5 Representation Formulas in Higher Dimensions .................. 129
| (05 R OdAIS pACE T IIICIIS 101 et SRS 129
| 105,22 "Even'Space DimCHsIon it ee e e 130
) 10/6)° ‘Propagation of Singularities sttt e st sivaiassss sk 131
| 10.6.1  More About Propagation of Singularities............... 133
: 10:7. " ' Concluding ReMALKS .o aih £eih i s sas siae xaisanniss s st ne o, 135
. 10.7.1 Derivation of Wave Layer Potentials.................... 136
10.7.2  Basic Mixed Problems for the Wave Equation ......... 138




v

< Contents
10,73 How to Use Wave Potentials in Representations
OF SOIIONS? s s thu erabaissvassshuspreasnsrnnat sisnraress 139
10.7.4  Integral Equation for the Interior Dirichlet
Problem for the Wave EQUAtIon ..oovevrrierereee.. 140
107.5  Final Comments to Mixed Problems.....ooveviiiieiiin, 141
11 The Notion of Encrgy of Solutions: One of the Most Important
Quantities. /7 IS TRARIR N TR ohy s IR SRS R 147
11,1 Energices for Solutions (0 the Wave EQUation ....oooveiiiiiii, 147
11.2  Examples of Energics for Other Models .covvvivviiiiiiaiiiniin 151
11.2.1  One Encrgy for Solutions to the Elastic Wave
EQUAGION..+vuvvsssssessessssisasagestonsnresnnisiisiyess 151
11.2.2  Energies for Solutions to the Heat Equation............ 152
11.2.3  Energies for Solutions to the Schrodinger Equation ... 152
11.2.4  Energies for Solutions to the Plate Equation ........... 153
11,25  Encrgies for Solutions to Special Semilinear
WAVE MOUCIS o evvvveneianeieinssneniisiniirisnasansases 153
11.2.6  How to Define Energics in General Y v s s rasns i 154
11.3  Influences of Lower Order Terms to Qualitative Properties
OF SOIULIONS v+ evvaanenenseesessssssssssionsusuesesnsasisecinsnonsas 155
11.3.1  Wave Models with Terms of Lower Order.............. 155
11.3.2  Classical Damped Wave Models ....ooooveiiniiniinens 156
11.3.3  Wave Models with Viscoelastic Damping .............. 157
11.3.4  Klein-Gordon EQUAtiON........oooiveiieiniinusiiiiieen 158
11.3.5 Plate Equations with Lower Order Terms .............. 160
11.4  Behavior of Local ENErgies.......oooivieiieiniiiuniniiaeineneens 160
11.4.1  Behavior of Local Energies for Solutions
to the Free Wave EQUation.....vuvvusieeueeecinennenin 162
11.4.2  Behavior of Local Energies for Solutions
to the Elastic Wave EQUation .......ooooieviieiiniiiines 163
11.4.3  Behavior of Local Energies for Solutions
to the Klein-Gordon EQUation .........oovviiiiiniienes 164
11.4.4 Behavior of Local Energies for Solutions
to the Classical Damped Wave Equation ............... 165
11.4.5 Behavior of Local Energies for Solutions
to the Viscoelastic Damped Wave Equation ............ 166
11.4.6  Behavior of Local Energies for Solutions
1o the Heat EQUALION .. ..ovvvruiiiiniianiiiaiseiiinanes 167
11.4.7  Behavior of Local Energies for Solutions
to the Schrodinger EQUAtion ........oovveiiiiiiiiaianians 169

Contents xv
Part 111
12 Phase Space Analysis for the Heat Equation .............cocoieiieeinees 173
12.1  The Classical Heat EQUAtion .........covveurenrarsiessnssasssncsocs 173
120.1)  LX = LUBSUMAES s s vvsssdnnsrsvinsssssssonadnssososorss 174
12.1.2 I/ — LY Estimates on the Conjugate Line............... 175
12,13 1/ — L4 Estimates Away of the Conjugate Line ... 175
12.2  The Classical Heat Equation with Mass ........c.oooieveeniienes 178
13 Phase Space Analysis and Smoothing for Schrédinger Equations ... 181
13.1  LP — LUESUMALCS .v.uvuaeissresenassnnsonerssmnnassasranssnasarens 181
13.1.1  The Classical Schrodinger Equation ...........c.ccoeeee 181
13.1.2  The Classical Schrodinger Equation with Mass ... 184
13.2  Smoothing Effect for SOIUtONS .. .....o.ovoiviiiimiieiriainmmmenes 185
13.2.1  Local Smoothing Properties of Solutions............... 186
13.2.2  Global Smoothing Properties of Solutions ............. 186
14 Phase Space Analysis for Wave Models ...........c.coooiiiiiias 191
14.1  The Classical Wave Model .....ooovviiniiiiieiiiiiiaeiinaiiani. 191
142  The Classical Damped Wave Model ... 196
14.2.1  Representation of Solutions by Using Fourier
(1 ] T P PP PP RO 196
14.2.2  Decay Behavior and Decay Rate of the Wave
BNCIZY vveveonunsensssuonsnnsasnossnssssssassseosansoraes 198
1423  The Diffusion Phenomenon for Damped Wave
MOAEIS 2 ic e b nos onsssbss s onnes sy v ealvinbeals eolsonsueale 206
14.2.4  Decay Behavior Under Additional Regularity
OF DALA L s uv e ons s s essns aoa s s dale e mss oo oo sN B 210
14.3  Viscoelastic Damped Wave Model ..o 211
143.1  Representation of Solutions by Using Fourier
MUIGPHEIS. s.uvveininiainireieeiisiiinnnaasceensenie 212
143.2 Decay Behavior and Decay Rate of the Wave
BRCIEY vouveivenruneneennnanosnssorssssnsrvasvensatssnses 214
1433 Decay Behavior Under Additional Regularity
OF DAL .o venerecsssnsesssaensssnssaaassnssnasnassanaesss 215
144  Klein-Gordon Model......ocvveriirieimiiininiiieiiiiisiniaianes 217
14.4.1  Representation of Solutions by Using Fourier
MUIGPHETS . ... ovvvveeineiiisiiiensiniaenussinseaennns 217
145 Klein-Gordon Model with External Dissipation.........ocoueeees 219
14.6  Klein-Gordon Model with Viscoelastic Dissipation............... 220
147  Concluding Remarks. . ......oveeuvruimnieuimmnenmiinanae 221
15 Phase Space Analysis for Plate ModelS. ......ocovvvriiieieneiniierienees 227
15.1 The Classical Plate Model .......cc.ooouiuiiiniiiiimianninnnen 227
152 The Classical Damped Plate Model.........coooniiramenaneninnne 228
152.1 Representation of Solutions by Using Fourier
228

MUIGPIETS . .o+ vvveeevennerrnnnenanisseneeesannasennnees




16 The Method of Stationary Phase and Applications
I3 — F2 ESOIDALES covansxtracssssonsassatasassnsasavsinssas i

16.1
16.2

16.3

16.6

16.7
16.8

16.9

16.10 Concluding Remarks

1522 Decay Behavior and Decay Rate of a Suitable

BROGRY «vevvvinrassssnaannnaiansss

1523 Encrgies of Higher Order.. oo
The Viscoclastie Dampad Plate Model oo,

1531  Representation of Solutions by Using Founer

MUlOPHETS coviinirisiitisi it s,
1532  Conclusions from the Representation Formulas.. ..
The Classical Plate Model with Mass. ..o,
The Classical Plate Model with Mass and Dissipation........
1551  The Classical Damped Plate Model with Mass.....

1552  The Classical Plate Model with Mass and

Viscoelastic DISSIPAton ..oocueiiiiiiiiiiiainnnans

Philosophy of Our Approach to Denive L7 — LY Estimates

on the Conjugate Line for Solutions to the Wave Equation...
A Litman Type Lemma ....ocoiiiiiiiiiaiinaianenes

[7 — L Estimates for Fourier Mulupliers with Amplitudes

Localized in the Pseudo-Differential Zone ........ooinvennnn

[7 — L% Esumates on the Conjugate Line for Fourier
Multipliers with Amplitudes Localized in the Hyperbolic

FIE e ot e S e eSS SRR o Cen i

[7 — 4 Estumates on the Conjugate Line for Solutions

10 the Wave EQUALON «..ooveneinieiaiaannaianeenneaceneaaeees
I7 — L% Estimates Away from the Conjugate Line.............

7 — L% Estimates on the Conjugate Line for Solutions

to the Schrodinger EQUAtiON .. ....ouonoamnaaeneearnmeaneneees
16.8.1 Philosophy of Our Approach to Derive -1

Estimates on the Conjugate Line for Solutions

to the Schrodinger EQUALION ... ...coovvvinninmnneses
1682 ALimman TypeLlemma ......ccocoucecnneannecees
1683 I7 — 17 Estimates for Fourier

Multipliers with Amplitudes Localized

in the Pseudodifferential Zone .............ccooeeeeee
1684 [7 — L7 Estimates on the Conjugate Line

for Fourier Multipliers with Amplitudes

Localized in the Evolution Zone ...........cocceeceee
16.85 17 — I? Estimates on the Conjugate Line

17 — [# Estimates on the Conjugate Line for Solutions
1o the Plate Equation

16.10.1 Linman’s Lemma

for Solutions to the Schrodinger Equation..........-

Contents

e 230
soves . 431
. 234

e 288
v Rl
Lt 5l
s 236
w236

e w237

o oA
o O

Contents

Part IV

17 Semilinear Heat Models

17.1

17.2

Semilinear Heat Models with Source Nonlinearity ...............
17.1.1  Fujita Discovered the Critical Exponent...............
17312 = SelfsSIMIIARS OlUtIONS o e s s saarenausksrsssoees
17.1.3 A Useful Change of Variables.... ..
17.1.4  Blow Up Via Global Existence ..
Semilinear Heat Models with Absorbing Power Nonlinearity ...
17.2.1  Well-Posedness Results for the Cauchy Problem ...
17.2.2  Influence of the Fujita Exponent on the Profile

Of SOIOUONS ys vz erenrsareerenintsroensinasaesshonsosoonsse

18 Semilinear Classical Damped Wave Models ........... .................

18.1

18.2

Semilinear Classical Damped Wave Models with Source
INONHDEAMILY cccconsecensoncssrsnsnrnrosarsoresssarssanssneaaamrracss
18.1.1  Global Existence of Small Data Solutions..............
18.1.2  Application of the Test Function Method...............
Semilinear Classical Damped Wave Models with
Absorbing NONINEArity ... ...oueeneeeuiiceiiarieiaancicaacacanes
18.2.1 Global Existence of Large Data Solutions..............
18.2.2 Large Time ASYMPIOLCS ..cvuvnvnmemamnnmecemncamenes
Concluding Remarks.......c.oouneuncinemuemimmnneiacaiaaanenees
183.1 Semilinear Classical Damped Wave Models

With Mass Term ...cveennennnenmncamensirmamocennnnenes
18.32 Semilinear Damped Wave Models

with Scale-Invariant Damping and Mass Term ...

19 Semilinear Wave Models with a Special Structural Dissipation.......

19.1

19.2
19.3

19.4

19.5

Semilinear Wave Models with a Special Structural
Damping Term
1P — 14 Estimates Not Necessarily on the Conjugate Line
Structurally Damped Wave Models with Nonlinearity

[IDIUIP: - s oenrne e eann oo e
19.3.1 MainReSult c...oeevuueeiemrnnnnncmenenmmanennnnsenannenes
19:312  PrOOf..:zeo-con-esmssnszsotosasaanassnssensassossanzannnes
19.33  OpUMAlty ... uucounmemnnaesssesamansansssnesnssnnnnsess
Structurally Damped Wave Models with Nonlinearity & ” ......
194.1 MainResull ...oouueneeneiimnreenmnannnessecaessnnnsnnsess
1O/42 | PrOOD: sesctoseaanassarsesnonsttsesne=sastanaass
Concluding REMArKS. ......oceesunssennnssnssssansensnssmsssenss
19.5.1 Semilinear Viscoelastic Damped Wave Models .........

19.5.2 Semilinear Structurally Damped o-Evolution

wn

273
273
274
275
276
277
282

285

319
325

325
326

330
330
331
334
336
336
337



Wi Contenty
20 Semilinear Classical Wave Models ..o, 351
201  Semilincar Classical Wave Models with g(mrcu Nonlincarity ... 35
2011 Local Existence (in Time) of Sobolev Solutions ... 352
5012 Noneustence of Global (in Time) Classical
SONIONS «ococcrssssrosssssssasevsransevesassnnybssessnsss 355
2013 Some Remarks: Life Span Esumates ..., 357
502  Semilincar Classical Wave Models with Absorbing
NONTINCANLY « .. evevneneasensersasssassesiassinensitssstaeneniiiee, 358
203 Concluding Remarks.......oviiiimeieeirimnsnsnniiiii., 362
20.3.1  Strauss Exponent Versus Fujita Exponent.............. 362
2032 A Special Class of Quasilincar Wave Equations
with Time-Dependent Speed of Propagation ........... 363
21 Semilinear Schrodinger Models. . ... 367
21.1  Examples of Semilinear Schrodinger Models ..................... 367
212 How Do We Arrive at a Critical Exponent? ..........c.oooeenn... 368
213 Semilinear Models with Power Nonlinearity in the
Subcritical Case With L2 Dala ...cuevervresecnenseninannesacnnnns 369
214  Semilinear Models with Power Nonlinearity in the
Subcritical Case with H) Dala ...ccoeeerevieinenarararsasnsnsaness 375
21.5 Concluding REMarks. .......oouiuiiiiiiiimiiienieiranitiennns 380
21.5.1 Some Remarks to Critical and Supercritical Cases..... 380
21.5.2 Some Remarks to Critical Cases .........c.ooceeueennnn. 381
21.5.3 Some Remarks to the Asymptotical Profile ............ 381
22 Linear Hyperbolic Systems .............c.oooiiiiiiiiriniiiiiniiens 383
22.1 Plane Wave SOIUIONS .....oveueereanneeeniiiincanesteeenanneaiane 383
222  Symmetric Systems with Constant Coefficients................... 384
223 Hyperbolic Systems with Constant Coefficients .................. 386
224  Linear Strictly Hyperbolic Systems in 1d: Method
Of ChATACICIISHICS . « . cv v veenesneneennennsasaansnsssnsonosneannonses 389
225  Energy Inequalities for Linear Symmetric Hyperbolic
SYSIEMIS ..ccuveennernnavannannnsionnssmascnsanenasanacessssassnnsssaes 396
22.6 Concluding Remarks. .. .....coeuemmiucurinmnmanenenascicanaenes 398
22.6.1 Well-Posedness for Linear Symmetric
Hyperbolic SYSIeMS . ..c..uvuuererrnrrensieiiscsancnnees 398
2262 Well-Posedness for Linear Strictly Hyperbolic
SYSIEMS .. ..eevuerrnenneennesiensnnennasneasceassenesnes 399
Part V
23 Research Projects for Beginmers ...............c.coooiiieeieananaees 405
23.1  Applications of the Abstract Cauchy-Kovalevskaja
and Holmgren TREOTEIMS .......vevunseuseuniesnennnnennanannsnnee 405
232  The Robin Problem for the Heat Equation in an Interior
DOIDAI - .. ovs oo alente s e e Ao e A ais s F it s e Sl m N s aaie e e 407

Contenls
233 IV ~ L7 Decay Estimates for Solutions to the Heat
EQUAOR WITMBES .00 00 os s, s esrisredonsscoes s hsas S onds
234 The Cauchy Problem for the Free Wave Equation
INMOdUIAUONSPACES .. s s sriivsmseryressissss savissessidrosneds
23.5  The Diffusion Phenomenon for Classical Damped
Kiein=-OordOnMOUEIB vavsuvrvsicesssoridivessssntsssnms cansesssonss
23.6  The Diffusion Phenomenon for Classical Dampcd Plate
MOCCIE 3350 omirsvianrrsnsnsrsiersarsonssassn s e R oo D
23.7  The Diffusion Phenomenon for Damped Wave Models
WINSOURCE S, . o viisaissnpsnivasivessvspsstonrs s soonsasondrcss
23.8  Profile of Solutions to Classical Dampcd Waves with Source ...
23.9 LV — L4 Estimates for Solutions to Structurally Damped
(3 S T N O I v i s rr oo i
23.10 Semilinear Heat Models with Source Power Nonlinearities . ...
23.11 Semilinear Structurally Damped o-Evolution Equations .........
23.12 Semilinear Structurally Damped Wave Equations.................
23.13 Scale-Invariant g-Evolution Models with Mass,
Dissipation and a Power Nonlinearity ...............cccoeceviiaeas
24 Background Material ..................coooiiiiiiiiiiiiiiiiiieeeiee
24.1  Basics of Fourier Transformation .............cccoeoeicsiccecianaes
24.1.1  Application to Spaces of Infinitely Differentiable
BUNCHONS . 577 s cvcsnsocosssenarsrossonzorsrarorereresiess
24.1.2  Application t0 LP SPaces ...........ceueucuceanonsanans
24.1.3  Application to Tempered Distributions .................
24.1.4  Application to H* Spaces............ccocecueraacaeacecs
24.2  Theory of Fourier Multipliers ............c.oooieieimncacecnens
24.2.1 Modified Bessel FUNCHONS ......ovuvrneimimnciacanenns
2422 1P Estimates for Model Oscillating Integrals...........
243  FUNCON SPacCeS......ccueeueruuiruiesniuniiinmriensaennzanzannnases
244  Some Tools from Distribution Theory .............coooereecenceees
24,5  Useful InequUalities ... ...cuuevureermnciminaniiinieiiiananenenaees
REfETCIICES . . ....vvvvesinssnianssnannoaasasasansasseansosusmannssonsonrnassssenssees
NOGALIONS oo n s sh e e oo e sans s o wn s el snorapasnaanar e rTase &iassnns
T D e o O R BB DD 0N BT R PO CEACERERE CEOCC CE



Marcelo R. Ebert and Michael Reissig

Methods for Partial Differential Equations
Qualitative Properties of Solutions, Phase Space Analysis, Semilinear Models

This book provides an overview of different topics related to the theory of partial differ-
ential equations. Selected exercises are included at the end of each chapter to prepare
readers for the “research project for beginners” proposed at the end of the book. It
is a valuable resource for advanced graduates and undergraduate students who are
interested in specializing in this area.

The book is organized in five parts:

» birkhauser-science.com

In Part 1 the authors review the basics and the mathematical prerequisites,
presenting two of the most fundamental results in the theory of partial differential
equations: the Cauchy-Kovalevskaja theorem and Holmgren’s uniqueness theorem
in its classical and abstract form. It also introduces the method of characteristics in
detail and applies this method to the study of Burger's equation.

Part 2 focuses on qualitative properties of solutions to basic partial differential
equations, explaining the usual properties of solutions to elliptic, parabolic and
hyperbolic equations for the archetypes Laplace equation, heat equation and wave
equation as well as the different features of each theory. It also discusses the notion
of energy of solutions, a highly effective tool for the treatment of non-stationary or
evolution models and shows how to define energies for different models.

Part 3 demonstrates how phase space analysis and interpolation techniques are
used to prove decay estimates for solutions on and away from the conjugate line.

It also examines how terms of lower order (mass or dissipation) or additional
regularity of the data may influence expected results.

Part 4 addresses semilinear models with power type non-linearity of source

and absorbing type in order to determine critical exponents: two well-known
critical exponents, the Fujita exponent and the Strauss exponent come into

play. Depending on concrete models these critical exponents divide the range

of admissible powers in classes which make it possible to prove quite different
qualitative properties of solutions, for example, the stability of the zero solution

or blow-up behavior of local (in time) solutions.

The last part features selected research projects and general background

material.
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